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In order to better understand the effects of acoustic resonance on flows around a cascade of flat plates, fluid structures and acoustic fields were examined by aeroacoustic
direct simulations and wind tunnel experiments. Computations and experiments were
performed for the flows around five parallel plates with and without the acoustic resonance changing the freestream velocity. The aspect ratio of the plates, C/b, is 15.0,
and the separation-to-thickness ratio, s/b, is 6.0. For the resonant condition of a
freestream velocity of 44 m/s, the Reynolds number based on the plate thickness,
b, and the freestream velocity is 5.8 × 103 . The computational results revealed that
large-scale vortices composed of fine-scale vortices are shed in the wake of the
plates. Both experimental and computational results indicated that the shedding of
the large-scale vortices is more synchronized in the spanwise direction for the resonant condition. Moreover, the shedding of the large-scale vortices from one plate
and those from the neighboring plates become more synchronized in the resonant
condition. The mode of this synchronization was found to be an anti-phase mode, in
which the vortex is shed from the upper or lower face of one plate when the vortex
is shed from the lower or upper faces of the neighboring plates. Computation of
the flow around a single plate was also performed, and the radiation of the acoustic
waves from the downstream edge due to vortex shedding from the plate was indicated. When acoustic resonance occurs in the flows around the cascade of flat plates,
vortex shedding in the above-mentioned mode contributes to the intensification of
the standing waves between the plates. Moreover, standing waves were demonstrated
to induce new vortices around the upstream edges of the plates in synchronization.
C 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4825376]


I. INTRODUCTION

Intense tonal sound often radiates from flows around a cascade of flat plates, as shown in Fig. 1.
These configurations exist in many industrial products, such as automotive grilles, heat exchangers,
and architectural louvers. In order to establish methods to suppress this noise, the acoustic radiation
mechanism must be clarified.
A number of studies1–3 have investigated flow and acoustic fields around a cascade of rectangular
or circular cylinders in a uniform flow. The focus has been on effects of the distance between
cylinders, s/d, on flows, where d is the side length of a rectangular cylinder or the diameter of a
circular cylinder.
Bearman and Wadcock1 investigated the flow around two circular cylinders, and measured the
coherence between the velocity fluctuations in the turbulent wake of one circular cylinder and those
of the other cylinder. No coherence was observed for s/d = 4.0, and high coherence was observed
for s/d = 1.33. Kumar et al.2 investigated the flows around nine square cylinders through numerical
simulations based on the lattice Boltzmann method. The frequency of the vortex shedding was
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FIG. 1. Configuration of flow around a cascade of flat plates.

reported to become independent of the distance between cylinders, s, for s/d > 6. Inoue and Suzuki3
performed direct simulations of flow and acoustic fields based on the compressible Navier-Stokes
equations for the flows around three square cylinders. They reported that the interference of the
wakes of the three rectangular cylinders was not sufficient for synchronization for 3.0 ≤ s/d. Parker4
measured the sound pressure level for the flows around a cascade of flat plates and clarified that the
sound pressure level becomes intense at a specific velocity and that this phenomenon is due to the
coupling between the vortex shedding in the wakes and the acoustic resonance between plates. Parker
also proposed a number of possible acoustic modes and predicted the corresponding frequencies for
a pure periodic cascade with an infinite number of plates.5
However, the effects of acoustic resonance on the flows have not yet been clarified. The objective
of the present study is to clarify the effects of acoustic resonance on the flow fields around a cascade
of flat plates. In the present paper, through direct simulations of flow and acoustic fields and wind
tunnel experiments, we clarify that the synchronization of the wakes of the plates occurs for the
resonant conditions, although the separation-to-thickness is large enough that synchronization does
not occur fluid-dynamically without acoustic resonance (s/b = 6.0).1
II. EXPERIMENTAL METHODS
A. Flow configurations

Table I shows the experimental parameters. The plate thickness, b, is 2 mm, and the aspect
ratio, C/b, is 15.0. The separation-to-thickness ratio, s/b, is 6.0, and the ratio of the separation to
length, s/C, is 0.4 for the cascade of flat plates. Preliminary experiments have confirmed that acoustic
resonance occurs in a half-wavelength mode along the plate length at U0 = 44 m/s (Fig. 2). In the
experiments, the sound pressure level was measured with the configurations of N = 1 ∼ 6, C/b
= 10 ∼ 25, and s/b = 2.5 ∼ 20 (N ≥ 2) at U0 = 10–50 m/s, and the resonant frequency of the
half-wavelength mode was found to be predicted by the following empirical formula:
 s β 
a   
0
, α = 0.7, β = 0.84,
(1)
f res = 0.5
1+α
C
C
where a0 is the sound speed. This half-wavelength mode corresponds to mode β proposed by
Parker.5 At U0 = 44 m/s, the Reynolds number based on the thickness and the freestream velocity is
TABLE I. Computational and experimental parameters.
Thick.
b (m)
Comp. 2.0 × 10−3
Expt.

Length Velocity Num. of
C/b
U0 (m/s) plates N
15.0

30, 44, 60
20 ∼ 60

1, 5
1, 5

Sep.
s/b

Sep.
s/C

6.0 (N = 5) 0.4 (N = 5)

Reb
Res
ReC
(U0 = 44 m/s) (U0 = 44 m/s) (U0 = 44 m/s)
5.8 × 103

3.5 × 104

8.7 × 104
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FIG. 2. Half-wavelength mode around a cascade of flat plates (mode β proposed by Parker5 ).

Reb = 5.8 × 103 , and the Reynolds number based on the separation and the freestream velocity is
Res = 3.5 × 104 . The freestream Mach number is M = U0 /a0 = 0.13.
The plates are hereinafter referred to as plates A, B, C, D, and E starting from the top, as shown
in Fig. 3. The x, y, and z axes were set in the flow, normal, and spanwise directions, respectively.
The experiments were performed for N = 1 and 5. The origin of the coordinate system is located on
the spanwise middle x-y plane and at the midpoint between the upper and lower edges of the plate
for N = 1 or plate C for N = 5, as shown in Fig. 3.
The sound pressure level at the point indicated by x = 0 and y/b = 215 was measured using a
sound level meter with a nondirectional 12 -in. microphone at U0 = 20–60 m/s for N = 1 and 5. This
measurement point was determined by considering the effects of the reflection from the wall of the
wind tunnel and the effects of the pseudo-sound pressure due to fluid-dynamic pressure fluctuations.
The profiles of the mean and RMS values of the velocity in the wake (x/b = 2.5) were also
measured using a hot-wire anemometer for N = 5 at U0 = 44 m/s. The duration of averaging was
set to be 30 s, and the sampling frequency was set to be 80 kHz. Moreover, the normal and spanwise
variations of the coherence of the velocity fluctuations were measured using two hot wires at U0 =
30, 44 m/s. The duration of the measurement of the coherence was set to be 60 s, and the sampling
frequency was set to be 160 kHz.

FIG. 3. Experimental setup.
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B. Wind tunnel

The experiments were conducted using the suction-type, low-noise wind tunnel shown in Fig. 3.
In the spanwise direction, the test section composed of flat plates was terminated by two end walls,
which were constructed of porous plates in order to minimize sound reflections. At a wind speed
of 50 m/s, the freestream turbulence intensity was less than 1.0% and the non-uniformity of the
mean flow velocity was less than 0.2%. Moreover, at this velocity, the background noise level was
suppressed to less than 73.5 dB (A), with the background noise being measured with the plates
removed and all other elements installed.

C. Uncertainties

In order to account for errors and uncertainties, the measurement errors of the freestream velocity
and the plate thickness were estimated to be 0.1 m/s and 0.05 mm, respectively. The uncertainty of
the fundamental frequency of the sound related to the von Kármán vortex shedding at U0 = 44 m/s
was found to be 3%. The hot-wire anemometer was calibrated by a Pitot tube anemometer, and the
error was within 1%.

III. NUMERICAL METHODS
A. Flow configurations

Table I shows the computational parameters of the present study. The computations were
performed for freestream velocities of U0 = 30, 44, and 60 m/s with N = 5. Acoustic resonance was
found to occur only at U0 = 44 m/s. The computation for N = 1 was also performed at U0 = 44 m/s.

B. Governing equations and finite difference formulation

Flow and acoustic fields were simulated simultaneously by directly solving the threedimensional compressible Navier-Stokes equations in the conserved form
Qt +

∂
(F k − F vk ) = 0,
∂ xk

(2)

where Q is the vector of the conserved variables, Fk is the inviscid flux vector, and Fvk is the viscous
flux vector. The spatial derivatives were evaluated using the sixth-order-accurate compact finite
difference scheme (fourth-order-accurate on the boundaries).6 The time integration was performed
using the third-order-accurate Runge-Kutta method.
In order to reduce the computational cost, large-eddy simulations (LES) were performed in the
present study. The computational grid incorporated into the above-mentioned numerical methods
adequately resolves the smallest active vortices in the wakes of the plates. No explicit SGS model
was used. The turbulent energy in the GS that should be transferred to SGS eddies is dissipated by
a 10th-order spatial filter, as described below. A number of studies have shown7–9 that the abovementioned method, which combines low-dissipation discretization schemes and explicit filtering,
correctly reproduces turbulent flows. This filter, which is given below, also removes numerical
instabilities:10
α f ψ̂i−1 + ψ̂ + α f ψ̂i+1 =

5

an
n=0

2

(ψi+n + ψi−n ),

(3)

where ψ is a conserved quantity and ψ̂ is the filtered quantity. The coefficients an have the same
values as those used by Gaitonde and Visbal,11 and the value of parameter α f is 0.45. Detailed
computational methods have been presented in Ref. 12.
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FIG. 4. Computational grid near the plates (N = 5). (For clarity, every fifth grid line is shown.)

C. Computational grids

Figure 4 shows the computational grid for N = 5. The spanwise extent of the computational
domain is Ls /b = 15.0. In the spanwise direction, 120 grid points are used, and the spanwise grid
resolution z/b = 0.125 is sufficiently fine to capture the smallest active vortices in the wake, as
discussed in detail in Sec. IV A.
The computational domain in the x-y plane is divided into three regions, namely, a vortex region,
a sound region, and a buffer region, having different grid spacings, as shown in Fig. 5.
The spacing in the vortex region is prescribed to be fine enough to analyze the separated shear
layer around the upstream edges and the vortical structures in the wake. The spacings adjacent
to the plate surface are xmin /b and ymin /b = 0.05. The grid resolutions non-dimensionalized
by the viscous length scale correspond to  xmin ,  ymin /lτ = 13, and  z/lτ = 33, where the
viscous length scale was computed assuming a local friction coefficient of cf = 0.004 based on the
boundary layer thickness on the plate at x/C = 0.75 for N = 1. These grid resolutions may not be
sufficient to capture the longitudinal vortices in the boundary layer, but the grid resolutions near
the plate were determined to be sufficiently fine to capture the fine-scale vortices in the wake. In

FIG. 5. Computational domain and boundary conditions, where the length is non-dimensionalized by the plate thickness,
b (N = 5).
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the entire vortex region,  x/b and  y/b are less than 0.2. In Sec. IV, it is stressed that the cut-off
frequency of these grid resolutions incorporated with the above-mentioned 10th-order spatial filter is
sufficiently higher than the frequency of the start of the inertial range of the velocity fluctuations in the
wake.
In the sound region, the spacing is prescribed to be larger than that in the vortex region but still
fine enough to capture acoustic waves. The spacings are x/b and y/b ≤ 2.0. In the entire sound
region, more than 20 grid points are used per acoustic wavelength of the fundamental frequency,
and the acoustic waves are sufficiently captured using the above-mentioned numerical methods. In
the buffer region, the grid spacings are stretched to xmax /b and ymax /b = 50 in order to dissipate
acoustic waves and vortical structures near the artificial boundaries.

D. Boundary conditions

Figure 5 also summarizes the boundary conditions. The inflow and outflow boundaries are
artificial and so must allow vortices and acoustic waves to pass smoothly with minimal numerical
disturbances. Non-reflecting boundary conditions based on the characteristic wave relations13–15
were used at these boundaries. Non-slip and adiabatic boundary conditions were applied at the wall
of the plates. The periodic boundary condition was used in the spanwise (z) direction.

E. Initial flow field

The free-stream velocity, density, and pressure were given at all grid points for the initial flow
field. The initial free-stream field variables were assumed to be constant. The data shown here were
sampled after a time span of 300b/U0 , which corresponds to about 60 fundamental periods, from the
start of the computation.
In order to confirm that the flow was developed, the velocity profiles in the wake of plate C
for N = 5 and U0 = 44 m/s were computed for the Tave /(b/U0 ) = 660 (0.03 s) and 1100 (0.05 s)
after the above-mentioned time span. Figure 6 shows the predicted profiles of the mean and RMS
values of u h = (u 2 + (hv)2 )0.5 , where the contribution of the vertical velocity to the output of the
hot-wire anemometer, h, was found to be 0.5 in the present system by investigating the effects of the
direction of the hot wire on the output. This contribution was shown to be dependent on the sensor
geometry.16 As shown in Fig. 6, both the mean and RMS values for Tave /(b/U0 ) = 660 agree with
those for Tave /(b/U0 ) = 1100.

FIG. 6. Predicted and measured velocity, uh , profiles (x/b = 2.5, N = 5, U0 = 44 m/s) for Tave /(b/U0 ) = 660 and 1100.
(a) Mean values. (b) RMS values.
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FIG. 7. Variations of coherence of the velocities uh at two points with spanwise distance z along the line x/b = 2.5,
y/b = 0.5 for Tave /(b/U0 ) = 770 and 1400.

Moreover, the coherence of the velocities uh at two points with spanwise distance z along the
line x/b = 2.5, y/b = 0.5 was computed for Tave /(b/U0 ) = 770 and 1400 after the above-mentioned
time span of 300b/U0 , and is shown in Fig. 7. The definition of the coherence is


Wz,z+z 2

γ ( f, z) =
2

Wz,z Wz+z,z+z

,

(4)

where Wz, z+z is the cross spectrum of the velocity fluctuations at z and those at z + z, and Wz, z
and Wz+z, z+z are the power spectra of the velocity fluctuations at z and at z + z, respectively.
The cross and power spectra were averaged 20 and 32 times with respect to time for Tave /(b/U0 ) =
770 and 1400, respectively, and were also averaged spanwise. As shown in Fig. 7, the plot for Tave
/(b/U0 ) = 770 approximately agrees with that for Tave /(b/U0 ) = 1400.
Therefore, it has been confirmed that the flow is sufficiently developed after the above-mentioned
time span of 300b/U0 . In the following, the velocity profiles predicted with Tave /(b/U0 ) = 660 and
the spectra and coherence predicted with Tave /(b/U0 ) = 770 are discussed.
F. Prediction of far acoustic fields

In order to predict the sound pressure level at the experimental measurement point x2 (x = 0,
y/b = 215), the porous FW-H method17–19 was used, as follows:
L i j = pδi j ,

4π p  (x 2 , t) =

1 ∂
a0 ∂t

L i j (x 1 , τ )
s

(5)

r̂ n̂
r

d S(x 1 ),

(6)

ret

where r = x2 − x1 , r = |r|, r̂ = r/r , and n̂ is the outward unit normal vector. The subscript “ret”
indicates a time delay of τ = t − r/a0 . The pressure, p, was sampled at the cylindrical surface at a
distance from the plate(s) of (x/b = −7.5, y = 0), r/b = 50.0, as shown in Fig. 8.
However, the spanwise extent of the computational domain Ls /b = 15.0 was different from
that of the experiments L/b = 75.0. In order to calibrate the sound pressure levels while taking
this difference into account, the following equations, which are based on the spanwise equivalent
coherent length of the acoustic sources, Lc (f), corresponding to the spanwise distance of the coherence
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FIG. 8. Schematic diagram of the prediction of the far acoustic field.

γ 2 (f, z) = 0.5, were used:20
S P L( f ) = S P L s ( f ) + 10log10 (L/L s ) (L c ( f ) ≤ L s ) ,

(7)

S P L( f ) = S P L s ( f ) + 20log10 (L c ( f )/L s ) + 10log10 (L/L c ( f )) (L s < L c ( f ) ≤ L) ,

(8)

S P L( f ) = S P L s ( f ) + 20log10 (L/L s ) (L < L c ( f )) ,

(9)

where the coherence, γ 2 (f, z), of the normal velocity fluctuations for a frequency f at two points
with distance z in the spanwise direction along the line in the wake (x/b = 2.5, y/b = 0.5) was
used.
The variations of the coherence for N = 5 at U0 = 44 m/s are shown in Fig. 9. When the value
of γ 2 was larger than 0.5 in the entire computational domain, the value outside the computational
domain was estimated by linear extrapolation using the values for z/b = 3.0–7.4, where the

FIG. 9. Variations of coherence of normal velocity v at St = 0.11, 0.21, and 0.31 along the line of (x/b = 2.5, y/b = 0.5) for
N = 5 at U0 = 44 m/s. The linear curve is 0.0089(z/b) + 0.90, and the exponential curve is 0.16exp(−0.21(z/b)2 ) + 0.84
for St = 0.21.
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gradient of the value γ 2 was approximately constant. Moreover, the effects of the function for the
extrapolation on the predicted sound pressure level were investigated at the fundamental frequency
for St = 0.21, N = 5, and U0 = 44 m/s. The distributions of the coherence were fitted more precisely
by using an exponential function, e.g., c1 exp(c2 (z/b)2 ) + (1 − c1 ) (c1 = 0.16, c2 = −0.21). As a
result, it was confirmed that the difference in the predicted sound pressure level from the original
result with the linear fitting was only 2 dB. Therefore, it was concluded that the effects of the
fitting function were not significant. Moreover, the linear extrapolation was considered to be more
appropriate for the present case because the linear function extrapolates to 0 with increasing distance,
but the exponential function extrapolating to 0 without the small residual from the original plots was
difficult to find for the resonance case.
As shown in Fig. 9, the coherence at the fundamental frequency for St = 0.21 is much higher
than those at other frequencies.

IV. VALIDATION OF COMPUTATIONAL METHODS
A. Flow fields

Figure 10(a) shows the predicted and measured profiles of the mean values of uh in the wake (x/b
= 2.5) for N = 5 and U0 = 44 m/s. This position was determined to suppress the effects of the reverse
flow in the measurement with the hot-wire anemometer. The calculation time for the mean values
was 0.03 s, which is much shorter than in the experiment, i.e., 30 s. It would be best to extend the
computational time to the experimental time, but this is difficult due to the limit of the computational
cost. In the present simulation, 64 nodes (236.5 GFlops/node) in the supercomputer system of the
University of Tokyo (Oakleaf-FX) were used for 300 h for one case. In order to take the difference in
computational time and the experimental time into consideration, the variations of the mean values
of the experimental data were estimated using the above-mentioned shortened experimental time of
0.03 s.21 These variations are shown as bars in Fig. 10. Taking these variations into consideration,
the predicted mean values are in good agreement with the measured values. Figure 10(b) shows the
predicted and measured RMS values for the fluctuations of uh . Moreover, the predicted RMS values
are in good agreement with the measured values.
Figure 11 shows the predicted and measured power spectra of uh at x/b = 2.5, y/b = 0.5. The
spectra have a peak at the fundamental frequency. The predicted peak level approximately agrees
with the measured peak level, although the reason for the gradient of the measured spectrum being
more sharply decayed in the higher frequency region for St > 0.5 in comparison to the predicted
spectrum is a subject for future study. One possible reason for this is that the hot wire has a length of
1 mm and a diameter of 5 μm, and its response characteristics are not as high in such a high-frequency

(a)

(b)

FIG. 10. Predicted and measured velocity, uh , profiles (x/b = 2.5, N = 5, U0 = 44 m/s). (a) Mean values. (b) RMS values.
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FIG. 11. Predicted and measured power spectra of the velocity uh at x/b = 2.5, y/b = 0.5 (N = 5, U0 = 44 m/s).

region, St > 0.5, where St = 0.5 corresponds to 11 kHz. Another possible reason is that the present
simulation overestimates the energy in such a high-frequency region.
The spectra were also compared with the curve of −5/3 power. In the wake, the turbulent integral
length scale is estimated to be lv /b ≈ 5 based on the scale of the large-scale vortices shed at the
fundamental frequency for St ≈ 0.2. These vortices are discussed in detail in Sec. V. The predicted
spectrum of the velocity fluctuations in the wake shown in Fig. 11 indicates that the inertial range
starts from the frequency for St ≈ 0.3, which is slightly higher than the fundamental frequency and
corresponds to a wavenumber of kb = 1.9 based on the freestream velocity. The cut-off wavenumber
of the 10th-order spatial filter of the present simulation is kb = 21 (St = 5.0), which corresponds to
a wavelength with 3 grid spacings of the average grid resolution in the vortex region, /b = 0.1, and
is distinctly higher than that of the starting of the inertial range. Therefore, the present simulations
have been confirmed to capture both the large-scale and fine-scale vortices in the wake, which are
discussed in Sec. V.

B. Acoustic fields

Figure 12 shows the sound pressure spectrum (x = 0 and y/b = 215) predicted using the methods
described in Sec. III F and that measured experimentally for N = 5 and U0 = 44 m/s. The predicted
spectrum was averaged 20 times with respect to time, whereas the experimental spectrum was
averaged 19 000 times with respect to time. Both of the frequency resolutions are St = fb/U0
= 0.014. The predicted fundamental frequency St = 0.21 and the level of the tonal sound at the
fundamental frequency are in good agreement with the measured values.
Figure 13 shows the effects of the freestream velocity on the level of the tonal sound for N = 1
and 5. The level of the tonal sound was estimated by integrating the acoustic power in the frequency
range, where the difference in the level from the peak level at St = 0.21 was within 10 dB. In both
the computational and experimental results, there is a peak at U0 = 44 m/s for N = 5, whereas the
level is proportional to the sixth power of the velocity for N = 1. The predicted sound pressure level
at U0 = 44 m/s for N = 5 increases by 24 dB from N = 1 although assuming the linear superposition
of non-correlated sources would produce a 7-dB increase. Moreover, the frequency at U0 = 44 m/s
for N = 5 agrees with that for the resonant frequency of the half-wavelength mode represented by
Eq. (1). These results indicate that the acoustic resonance occurs at U0 = 44 m/s for N = 5 and that
the present computations can capture the effects of acoustic resonance on the acoustic field.
Along with the discussions of the flow fields in Subsection IV A, it was concluded that the
present computations adequately capture the flow and acoustic fields.
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FIG. 12. Predicted and measured sound pressure spectra at x = 0 and y/b = 215 (N = 5, U0 = 44 m/s).

V. DETAILED RESULTS
A. Instantaneous vortices

Figure 14 shows the instantaneous vortices for U0 = 30, 44, and 60 m/s for N = 5. In order
to elucidate the vortices, the second invariant of the velocity gradient tensor, q =  2 −S2 , was
computed, where and S are the anti-symmetric and symmetric parts, respectively, of the velocity
gradient tensor. Regions with q > 0 represent vortex tubes.
The obvious effects of the acoustic resonance were not well defined. In the wakes, fine-scale
vortices are active at all three velocities. Large-scale vortices with axes parallel to the spanwise
direction are also composed of fine-scale vortices. The shedding frequency of these large-scale
vortices corresponds to the above-mentioned fundamental frequency. This shedding is essentially a
form of the usual von Kármán vortex shedding, and these large-scale vortices are hereinafter referred
to simply as vortices.

FIG. 13. Effects of freestream velocity on levels of tonal sound at x = 0 and y/b = 215.
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FIG. 14. Iso-surfaces of the second invariant (q/(U0 /b)2 = 0.5). (a) U0 = 30 m/s. (b) U0 = 44 m/s. (c) U0 = 60 m/s.

B. Power spectra of velocity

Figure 15(a) shows the power spectra of the velocity v at x/b = 2.5, y/b = 0.5 for U0 = 44 m/s
for N = 1, 5. This position is downstream of the formation region of the von Kármán vortices, as
mentioned in Sec. V D.
The peak level for N = 5 is much higher than that for N = 1. Moreover, the spectrum for N = 5
has a peak at the slightly higher frequency for St = 0.21 than that for N = 1, at St = 0.20. This is
because the flows between the plates are accelerated by the cascade effect for N = 5 in comparison
to the flow around a plate for N = 1. The mean velocity profiles at x = 0 shown in Fig. 16(a) indicate

(a)

(b)

FIG. 15. Power spectra of velocity v (x/b = 2.5, y/b = 0.5). (a) Effect of the number of plates at U0 = 44 m/s (N = 1, 5).
(b) Effects of freestream velocity for N = 5 (U0 = 30, 44, and 60 m/s).
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(b)
FIG. 16. Mean velocity, uave , profiles (N = 1 and 5, U0 = 44 m/s). (a) x/b = 0.0. (b) x/b = 2.5.

that the mean velocity increases by ∼5% in the region in which the distance from the wall is ywall /b
> 1.5, and this rate of increase agrees with that for the peak frequency of the velocity fluctuations, as
mentioned earlier. Figure 16(b) shows the mean velocity profile at x/b = 0.25. The half-value width
was found to be approximately constant, dh /b = 1.25, for N = 1, 5 at U0 = 44 m/s.
The predicted sound pressure level for N = 5 increases by 24 dB from N = 1 at U0 = 44 m/s, as
mentioned earlier, although the difference in the power of velocity fluctuations is only 7 dB, as shown
in Fig. 15(a). This intensification of the sound pressure level is because the plate number increases,
acoustic resonance occurs, and the spanwise and vertical coherences of the large-scale vortices
shed from the downstream edge become higher for N = 5, as described in detail in Subsection V C.
Figure 17(a) shows the spanwise coherence of the pressure fluctuations at the fundamental frequency
at the downstream edge of the plate for N = 1 and that of plate C for N = 5 (x = 0, y/b = 0.5). The
coherence for N = 5 is shown to become higher, which means that the radiation efficiency becomes
higher. Regarding the coherence for N = 1, Fig. 17(b) indicates that the present coherence at the
fundamental frequency for St = 0.20 is much higher than that at other frequencies. This is consistent
with the results of the previous research,22 where the coherence on the wall slightly upstream of the

(a)

(b)

FIG. 17. Variations of the coherence of the pressure fluctuations p between two points with spanwise distance z at the
downstream edge of the plate for N = 1 and that of plate C for N = 5 (x = 0.0, y/b = 0.5). (a) Effect of the plate number N at
each fundamental frequency. (b) Effect of the frequency for N = 1.
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trailing edge for the flow around a flat plate was measured at a Reynolds number of ReC = 1.3 × 105
and an aspect ratio of C/b = 33.3.
Figure 15(a) also shows that the higher harmonic at St = 0.65 is much more emergent for N = 5.
This phenomenon may be related to the intensification of the velocity fluctuations at the fundamental
frequency, although the detailed mechanism is an issue for future study.
Figure 15(b) shows the predicted power spectra of the normal velocity v at U0 = 30, 44, and
60 m/s for N = 5, where the power is non-dimensionalized by the freestream velocity, U0 . Although
all three spectra have a peak at St ≈ 0.2, the non-dimensional peak level at U0 = 44 m/s is higher
than those at the other velocities. As shown in Fig. 13, the level of the tonal sound has a local
maximum at this velocity for N = 5, and the acoustic resonance is estimated to occur at this velocity.
Therefore, these results indicate that the power of the velocity fluctuations of the shed vortices may
be intensified when the acoustic resonance occurs. However, there is a significant difference between
U0 = 30 and 60 m/s, which means that other effects, such as the Reynolds number effects, are related
to these results.
C. Coherence of vortices

Figure 18 shows the predicted coherence of the velocity, uh , at two points with the distance z
in the spanwise direction in the wake of plate C (x/b = 2.5, y/b = 0.5) for N = 5 and in the wake of
the plate for N = 1 at U0 = 44. The coherence is shown to be higher for N = 5 than that for N =
1. This result is consistent with the aforementioned results regarding the coherence of the pressure
fluctuation at the downstream edge shown in Fig. 17.
Figure 19(a) shows the predicted and measured coherence of the velocity, uh , at two points with
the distance z in the spanwise direction in the wake of plate C (x/b = 2.5, y/b = 0.5) for U0 =
30, 44, 60 m/s (N = 5). In this figure, z/b = 7.5 corresponds to half the length of the spanwise
extent of the computational domain. The variations of the measured coherence data were assessed
using shorter signals that were comparable to the computational signals and are shown as bars in the
figure. As shown in the figure, the larger variations in the coherence for the off-resonant conditions
(U0 = 30 m/s), as compared to those for the resonant condition (U0 = 44 m/s), are highlighted.
The predicted and measured results indicate that the coherence is higher than 0.8 for all distances
(z/b = 0 to 30.0) for the resonant condition of U0 = 44 m/s, whereas the value decreases more
rapidly as z becomes larger for the non-resonant conditions of U0 = 30 and 60 m/s. These results
indicate that vortex shedding becomes more synchronized in the spanwise direction for the resonant
condition.

FIG. 18. Variations of the coherence of the velocity fluctuations uh at the fundamental frequency between two points with
spanwise distance z in the wake (x/b = 2.5, y/b = 0.5).
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(b)

FIG. 19. Variations of coherence of uh at the fundamental frequency (x/b = 2.5). (a) Coherence of the velocities uh at two
points with spanwise distance z along the line x/b = 2.5, y/b = 0.5. (b) Coherence between the velocity uh at x/b = 2.5, y/b
= 0.5 and those at points along the line x/b = 2.5.

As shown in Fig. 19(a), the predicted coherence at U0 = 60 m/s is lower than that at U0 = 30 m/s,
whereas both conditions are off-resonant conditions. This is because the von Kármán vortex shedding
is weaker at U0 = 60 m/s, as compared to that at U0 = 30 m/s, due to Reynolds number effects, as
shown in Fig. 15(b), and the effects of the small turbulent vortices become higher.
Figure 19(b) shows the predicted and measured coherence between the velocity uh at x/b = 2.5,
y/b = 0.5 and that at different vertical points along the line x/b = 2.5 for U0 = 30, 44, and 60 m/s
(N = 5). At the reference position of x/b = 2.5, y/b = 0.5, the velocity fluctuations occur by the
vortices shedding from plate C. In the experiment, in order to avoid the interference associated with
the support of the fixed reference hot-wire probe or the traversing probe, the traversing probe was
set at z/b = 5.0, while the reference probe was set at z = 0. As a result, the measured coherence
does not extrapolate to 1.0 for vanishing separation around y/b = 0.5. Moreover, the computational
coherence was averaged spanwise.
As shown in Fig. 18(b), the coherence at U0 = 44 m/s is slightly underestimated at the vertical
points of |y/b| ≥ 4.0, as compared to the measured coherence in view of the variations of the
experimental data. This underestimation may be due to the slight overestimation of the inertial
energy at frequencies at St > 0.5 that are higher than the fundamental frequency, as shown in
Fig. 11. Although the solution of this overestimation is a subject for future study, the noticeable
difference between the coherence for the resonant condition at U0 = 44 m/s and that for the offresonant conditions is discussed in the following paragraph.
We focus on the coherence at y/b = ±6.5 and ±7.5, where the vortices are shed from the
neighboring plate (plates B and D). Both the predicted and measured results indicate that the values
at y/b = ±6.5 and ±7.5 for the resonant condition are obviously higher than those for the nonresonant conditions. This indicates that the vortex shedding of one plate and the vortex shedding of
the neighboring plates become more synchronized for the resonant condition.

D. Phase-averaged flow fields

1. Single plate (N = 1)

In order to elucidate the phenomena occurring at the fundamental frequency, phase-averaging
was performed for the predicted flow with N = 1 at U0 = 44 m/s. The normal velocity, v, in the
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FIG. 20. Contours of vorticity ωz /(U0 /b) for phase- and spanwise-averaged flow fields for N = 1 at U0 = 44 m/s.

wake of the plate (x/b = 2.5, y/b = 0.5, z = 0.0) was used as the reference signal. The velocity and
pressure at the same phase were averaged 50 times.
Figure 20 shows the contours of the vorticity for the phase- and spanwise-averaged flow fields.
Around the leading edge, the separation bubble is formed. The length of the bubble ls = 5.5b is
slightly longer than that for the aforementioned previous research, ls = 4b, in which the flow around
one blade with rounded edges was predicted.22 The formation length of the vortices24 was estimated
to be lf /b = 1.3 based on the distance from the downstream edge to the center of the shed vortex.
Figure 21 shows the contours of the pressure coefficient with the time-averaged component
subtracted (fluctuation pressure) at the same phase as Fig. 20. Figure 21 shows that the acoustic
waves radiate primarily from the downstream edge. As shown in Figs. 20 and 21, when a vortex
is shed from the upper surface of the plate, expansion and compression waves radiate around
the downstream edge in the +y and −y directions, respectively. This relationship between vortex
shedding and acoustic radiation is basically the same as that for the flow around a circular cylinder,23
although the detailed separation behavior is slightly different.
2. A cascade of flat plates (N = 5)

a. Mode of vortex shedding. The phase-averaging process was also performed for N = 5. The
normal velocity in the wake of plate C (x/b = 2.5, y/b = 0.5, z = 0.0) was used as the reference
signal.

FIG. 21. Contours of fluctuation pressure p /(0.5ρU0 2 ) for phase- and spanwise-averaged flow fields for N = 1 at
U0 = 44 m/s.
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(a)

(b)

(c)
FIG. 22. Iso-surfaces of the second invariant (Q/(U0 /b)2 = 0.02) and fluctuation pressure p /(0.5ρU0 2 ) for phase-averaged
flow fields. (a) U0 = 30 m/s. (b) U0 = 44 m/s. (c) U0 = 60 m/s.

Figure 22 shows the iso-surfaces of the second invariant and the contours of the fluctuation
pressure for the phase-averaged flow fields at U0 = 30, 44, and 60 m/s. Two-dimensional vortices
are apparent in the wake of plate C at all three velocities and form low-pressure regions around
the vortices. The two-dimensional vortices in the wakes of plates B and D are also apparent for the
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(a)

(b)

(c)
FIG. 23. Contours of vorticity ωz /(U0 /b) for phase- and spanwise-averaged flow fields for N = 5. (a) U0 = 30 m/s. (b) U0
= 44 m/s. (c) U0 = 60 m/s.

resonant condition of U0 = 44 m/s, but are much weaker for the non-resonant conditions of U0 =
30 and 60 m/s because the vortex shedding of one plate and the neighboring plates becomes more
synchronized for the resonant condition, as mentioned earlier.
Figure 23 shows the contours of the vorticity for the phase- and spanwise-averaged flow fields
at the phase of vortex shedding from the upper face of plate C at U0 = 30, 44, and 60 m/s. The
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FIG. 24. Vorticity ωz /(U0 /b) (left) for phase- and spanwise-averaged flow fields for the resonant condition, where T is the
period.

formation length of the vortices24 was estimated to be lf /b = 1.0, 0.6, and 1.4 for U0 = 30, 44,
and 60 m/s, respectively. Figures 20 and 23 show that the formation length becomes shorter for the
resonant condition. This may be because the acoustic resonance promotes vortex shedding.
b. Acoustic radiation mechanism. For the phase- and spanwise-averaged flow fields, Figs. 24
and 25 show the contours of the vorticity and pressure, respectively. At t = 0 in Fig. 24, vortices are
shed from the upper surfaces of plates B and D and from the lower surface of plate C. This mode
of vortex shedding is referred to as an anti-phase mode. Vortex shedding in this mode contributes to
the intensification of the standing waves, as described in detail below.
Taking the above-mentioned acoustic radiation mechanism for a single plate into account,
expansion waves are assumed to radiate in the +y direction for plate D and in the −y direction for
plate C at t = 0 in Fig. 24. Figure 25 shows that the pressure of the standing waves between C

FIG. 25. Fluctuation pressure p /(0.5ρU0 2 ) for phase- and spanwise-averaged flow fields, where T is the period.
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FIG. 26. Second invariant Q/(U0 /b)2 for phase- and spanwise-averaged flow fields, where T is the period.

and D decreases in the same phase. Therefore, the above-mentioned synchronized radiation of the
expansion waves from plates C and D contributes to the intensification of the standing waves. In
contrast, in the same phase, compression waves radiate in the −y direction from plate B and in the
+y direction from plate C, and the pressure of the standing waves increases between plates B and C.
The aforementioned mode of the pressure fluctuations with opposite phases between adjacent
inter-plate channels was that classified as mode β by Parker,5 as shown in Fig. 2. Parker predicted
the frequency of the acoustic mode for the pure periodic cascade (infinite number of plates), and
the behavior around the center plate in the present configurations is expected to be similar to that of
an infinite cascade. To the authors’ knowledge, this is the first time that this mode of the pressure
fluctuations and vortex shedding around a cascade of flat plates has been shown to be reproducible
by a finite number of plates (only five plates) without using the periodicity in the vertical direction
used by Parker.5
c. Acoustic feedback. Figure 26 shows the contours of the second invariant for the phase- and
spanwise-averaged flow fields. In Fig. 26 (t = 3/4T), new vortices α  and β  are generated around
the upstream lower edge of plate B and the upstream upper edge of plate C. Figure 27 shows the
fluctuation velocity vectors and pressure near upstream edges of plates B and C in the same phase of t
= 3/4T in Fig. 26. Figure 27 shows that the velocity in the +x direction is induced between the plates
when the pressure of the standing waves becomes higher. This is assumed to be the acoustic particle
velocity of the standing waves between the plates, where the amplitude of the velocity fluctuations is
∼0.03 and agrees approximately with the amplitude of the particle velocity estimated based on the
amplitude of the pressure fluctuations of the standing waves. As a result of this particle velocity, the
separation bubble around the upstream edges is stretched, and eventually a new vortex is generated,
as shown in Figs. 26 (t = 3/4T) and 27. The acoustic particle velocity is comparable in amplitude to
that of the vortices generated around the upstream edges and is estimated to contribute sufficiently
to the generation of the vortices.
In short, the standing waves between the plates induce new vortices around the upstream edges
of the plates in synchronization. This acoustic feedback mechanism is similar to that proposed
for flows over a backward-facing step with a small bump.25 The two vortices that are generated
simultaneously around the upstream edges of neighboring plates (plates B and C, or plates C and D)
are convected on the plates at approximately the same velocity and are shed synchronously in the
wakes.
Finally, the reason the above-mentioned coupling of vortex shedding and acoustic radiation
occurs is described below. If the inter-plate channel is considered as a two-dimensional duct without
neglecting the acoustic mode in the z direction, the first cut-off frequency of higher-order propagation
modes in the y direction is obtained for the Helmholtz number ks = π , where k is the acoustic
wavenumber. In the present case, in the case of resonance, ks is ∼0.8. Therefore, only the plane
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FIG. 27. Vectors of fluctuation velocity v  /U0 and contours of fluctuation pressure p /(0.5ρU0 2 ) for phase- and spanwiseaveraged flow fields, where T is the period, for N = 5 at U0 = 44 m/s (t = 3/4T in Fig. 26).

wave can propagate in the x direction between adjacent plates. As a result, the only possible selfsustained oscillations involve the same phase across each inter-plate channel. Furthermore, since
von Kármán vortex shedding induces motion of opposite phases on both sides of a single plate, the
same motion of opposite phases is continued in adjacent inter-plate channels. This acoustic mode
corresponds to mode β reported by Parker,5 as mentioned earlier. This acoustic motion triggers the
above-mentioned synchronizing vortical patterns.

VI. CONCLUSIONS

In order to clarify the effects of acoustic resonance on flows around a cascade of flat plates, direct
simulations of flow and acoustic fields and wind tunnel experiments were performed. The results
indicate that large-scale vortices composed of fine-scale vortices are shed from the downstream edges
of the plates. The shedding of the large-scale vortices is more synchronized in the spanwise direction
for the resonant condition. Moreover, the shedding of the large-scale vortices from one plate and the
shedding of the large-scale vortices from the neighboring plates become more synchronized under
the resonant condition. The synchronization in an anti-phase mode was also stressed. Furthermore,
the flow around a single plate was computed, and the acoustic waves were found to radiate around
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the downstream edge when a vortex is shed from the plate. When acoustic resonance occurs in the
flows around the cascade of flat plates, vortex shedding in the above-mentioned mode contributes to
the intensification of standing waves between the plates. Moreover, the standing waves were found
to induce new vortices around the upstream edges of the plates in synchronization.
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